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Abstract
The peculiarities of the microstrip-DC SQUID amplifier caused by
the resonant structure of the input circuit are analyzed. It is shown
that the mutual inductance, that couples the input circuit and the
SQUID loop, depends on the frequency of electromagnetic field. The
renormalization of the SQUID parameters due to the screening effect
of the input circuit vanishes when the Josephson frequency is much
greater than the signal frequency.
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1 Introduction
For a long time, the SQUID has been used as the most sensitive detector of a
magnetic flux. Recently, there has been growing interest in the development
of a low noise radio-frequency and microwave amplifiers, for example, for
axion detection [1, 2] or for the measurement of superconducting quantum
bits [3, 4]. For these applications, the SQUID is a leading candidate due to
its low power dissipation and excellent noise properties.
In typical SQUID amplifiers, the input signal is injected into an input coil
that is coupled to the SQUID washer. The input coil is deposited on top of a
dielectric layer, which covers the washer. The coupling of the input circuit to
the SQUID can significantly modify the properties of both the SQUID and
the input coil. A modification of the SQUID by a coupled inductance was
pointed out by Zimmerman [5] and studied by Clarke and coworkers [6]-[8].
The most important influence of the input coil on the SQUID is the reduction
of the loop inductance. The macroscopic parameters of the SQUID take the
renormalized values corresponding to the reduced loop inductance.
Martinis and Clarke [6] have pointed out that the renormalization effect,
due to the mutual inductance of input circuit and SQUID, can be suppressed
by parasitic capacitances between the input coil and the washer. Parasitic
capacitances, being widely distributed, cause the gain to fall at high frequen-
cies. More recently, the idea of using the capacitance between the coil and
the washer to form a resonant microstrip has arisen [9] and developed [10].
The deleterious effect of the parasitic capacitance was addressed by operating
the input coil as a transmission line resonator. In this case, the input signal
was applied between one end of the coil and the washer, while the other end
of the coil was left open.
The transmission line resonator has an infinite set of eigenfrequencies that
is in contrast to a resonator with lumped capacitance and inductance. In our
model, for each eigenfrequency, ωn, we will put in correspondence a couple
of values of Cn and Ln, which satisfy the relation, ωn = (LnCn)
−1/2. The
input circuit response to the SQUID signals depends on the characteristic
frequencies of the circuit. The Josephson frequency, ωJ , and the frequency
of the input signal, ω, are the most important ones. Usually, the amplifier
operates in the low frequency regime of ωJ >> ω. Therefore, one can expect
that the response of the input circuit to the high-frequency SQUID signal will
differ significantly from the low-frequency response. The physical picture is
very similar to the effect of parasitic capacitances on SQUID amplification.
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2 Transmission-line modes
A non-dissipative lumped-element resonator with the inductance, Llump, and
capacitance, Clump, can be described by the oscillator Hamiltonian,
H =
p2
2Llump
+
q2
2Clump
, (1)
where Llump and (Clump)
−1 are the effective mass and the spring constant of
the oscillator, and p and q are the corresponding momentum and coordinate.
The oscillator frequency is: ωr = (LlumpClump)
−1/2.
The superconducting transmission line is characterized by infinite number
of oscillators. Its Hamiltonian is [11, 12]:
H =
∑
n
1
2
(
pi2n
l
+
ϕ2n
c
k2n
)
, (2)
where pin and ϕn are the canonically conjugated “momentum” and “coor-
dinate”, l and c are the inductance and the capacitance per unit length,
respectively. In the case of open ends of the line, the value of kn is equal to
pin/Λ, where n = 1, 2, 3, ..., and Λ is the length of the line. It follows from
Eq. (2) that the frequency of the nth oscillator is,
ωn = kn(lc)
−1/2. (3)
For each resonator mode, n, the current and the voltage profiles on the
resonator are given by sinusoidal and cosinusoidal distributions, respectively,
In ∼ sin(npix/Λ), Vn ∼ cos(npix/Λ), (4)
where the beginning of the line is at x = 0.
After changing the variables,
pi′n = pin/
√
kn , ϕ
′
n = ϕn
√
kn ,
Eq. (2) can be rewritten as:
H =
∑
n
1
2
(
pi′2n
l/kn
+
ϕ′2n
c/kn
)
. (5)
The quantities, l/kn and c/kn, have the dimensions of the inductance and
capacitance, respectively. Comparing each summand in Eq. (5) with Eq.
3
(1), we conclude that the quantities, Ln ≡ l/kn and Cn ≡ c/kn, are the
inductance and the capacitance of the nth resonator. The value, (LnCn)
−1/2,
coincides with the frequency, ωn, given by Eq. (3).
It follows that the values, Ln and Cn, depend on the number n as 1/n.
Hence, Ln = L1/n, Cn = C1/n. For the case of the fundamental frequency
(n = 1), we have:
L1 =
Λ
pi
l, C1 =
Λ
pi
c. (6)
A set of resonances in the transmission line can modify the renormaliza-
tion of the SQUID parameters. In what follows we analyze this phenomenon
in more details.
3 Scheme of the microstrip-SQUID amplifier
Fig. 1 shows schematically the equivalent circuit of the microstrip-SQUID
amplifier. Vi is the amplitude of the input voltage; Ri and R are the resis-
tances of the voltage source and the resistance shunting the stripline, respec-
tively; Ci is the coupling capacitance.
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Figure 1: The equivalent circuit of the microstrip-SQUID amplifier. The
resonant microstrip is shown as a sequence of lumped inductances and ca-
pacitances. The mutual inductance, M , couples the input circuit to the
SQUID loop whose inductance is, LJ .
The two Josephson junctions are in parallel with the resistances, RJ
(which can be external shunts) and capacitances, CJ . The shunting effect
of these elements provides nonhysteretic characteristics for the SQUID. The
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Josephson junctions are connected in parallel, thus forming a superconduct-
ing loop of inductance, LJ . The transmission line is coupled to the SQUID
loop by the mutual inductance, M . An external dc current bias, I, and a
dc flux, Φ, are applied to provide the most favorable values of the transfer
function, dV /dΦ ≡ VΦ , where Φ is the magnetic flux inside the loop. Here
we will not take into account the noise component of the electromagnetic
fields which is present in the circuit due to the resistances, RJ , R, Ri, and
generated by external sources.
Vi
Ri Ci
R
Cn
Ln
Ii
Figure 2: Lumped element model of the input circuit. In the vicinity of the
nth resonance (ω ≈ ωn) the transmission line is represented by the capaci-
tance, Cn, and the inductance, Ln.
The transmission line current caused by the input voltage, Vi, depends
on the frequency, ω. In the vicinity of some eigenfrequency, ωn, the input
circuit can be described by the equivalent scheme shown in Fig. 2. Usually ω
is close to the fundamental frequency, ω1. For this particular case and in the
absence of the SQUID, the forward impedance of the input circuit, defined
as Z = Vi/Ii|M=0, is:
Z =
L1
Ci
{
i
[
ω
(
C1 + Ci + Ci
Ri
R
)
−
1
ωL1
]
+
1
R
− RiCi
(
ω2C1 −
1
L1
)}
. (7)
As we see, the resonant properties of the input circuit depend not only on the
parameters of the microstrip but also on the presence of other elements. (The
effect of coupling capacitance on amplification was studied experimentally in
[13].) Also, the SQUID parameters affect the input circuit characteristics via
the mutual inductance, M .
Similar to Ln and Cn, the value of M depends on the frequency of ra-
diation. The following can help to determine this dependence. It can be
seen from Eq. (4), that the current of the nth mode changes its direction
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at x = Λm/n, where m is an integer (m < n). The total flux generated
by the nth mode in the SQUID loop is smaller than it could be in the case
of a constant sign (for example, in the case of n = 1). It is reasonable to
approximate M(ωn) by
M(ωn) ≡Mn = M1/n. (8)
The coefficient 1/n accounts for the reduction of the high-frequency flux,
generated in the loop. Eq.(8) is a good approximation for a signal frequency,
ω ≈ ω1, as well as for the Josephson frequency, ω >> ω1. In what follows,
both characteristic frequencies are of our major interest.
For high frequencies, where discreteness of the transmission line spectrum
is not important, we can consider
M(ω) ≈M1
ω1
ω
. (9)
The theoretical analysis of amplification should account for the dependence
of M on the frequency of electromagnetic field.
4 Equations of motion for the coupled microstrip-
SQUID
In this Section, we analyze how the frequency dependence of M , given by
Eq. (9), modifies the renormalization effect of the SQUID parameters. We
will see that the renormalization vanishes if the Josephson frequency is much
larger than the input signal frequency.
The standard system of equations describing the dynamics of the SQUID
is given by:
J =
1
2
(I2 − I1),
I = I1 + I2,
V =
Φ0
4pi
(
δ˙1 + δ˙2
)
,
Φ + LJJ + M˜Ii =
Φ0
2pi
(
δ1 − δ2
)
,
Φ0
2pi
CJ δ¨1 +
Φ0
2piRJ
δ˙1 = I1 − Ic sin δ1,
6
Φ0
2pi
CJ δ¨2 +
Φ0
2piRJ
δ˙2 = I2 − Ic sin δ2, (10)
where, δ1,2, is the phase difference across the left or right junction, respec-
tively, Φ0 =
h
2e
is the flux quantum, e is the electron charge (e > 0 here), Ic
is the critical value of the Josephson current through an individual junction.
A wide tilde, (.˜..), indicates the convolution:
M˜Ii =
∫ t
−∞
dt′M(t− t′)Ii(t
′), (11)
where the mutual inductance, M(t), (M(t) = 0 for t < 0) can be expressed
via its Fourier-transform as,
M(t) =
1
2pi
∫ +∞
−∞
dωeiωtM(ω).
The fourth equation in (10) explicitly describes the SQUID-input circuit
coupling via the mutual inductance, M . This coupling arises from the cur-
rent, Ii, which induces a magnetic flux in the SQUID loop, thus changing
the voltage, V , across the SQUID.
On the other hand, the current around the loop, J , induces a voltage,
−∂tM˜J , in the transmission line of the input circuit. Hence, the current, Ii,
is generated by both the external voltage, Vi, and the voltage caused by the
circulating current, J . In the frequency domain, Ii is given by:
Ii(ω
′) =
Vi(ω
′)
Zω′
− i
ω′M(ω′)J(ω′)
Zω′
C(ω′)
Ci
, (12)
where the input voltage is considered to be a harmonic function, Vi(t) =
Vie
iωt, and Vi(ω
′) = 2piViδ(ω − ω
′). We have also assumed, for simplicity,
that the resistance of the source and of the coupling capacitance are small:
Ri << R, Ci << C.
The quantities, L and C, depend on the frequency, ω′, similar to the
dependence of M(ω′):
L(ω′) ≈ L1
ω1
ω′
, C(ω′) ≈ C1
ω1
ω′
. (13)
Substituting the expression (12) for Ii into the fourth equation of the
system (10), we have:
Φ + LJJ +
M1Vi(t)
Z(ω)
−
7
∫ t
−∞
dt′M(t− t′)
∫ +∞
−∞
dω′
2pi
iω′eiω
′t′ Mω′Jω′Cω′
Z(ω′)Ci
=
Φ0
2pi
(
δ1 − δ2
)
. (14)
The third term in the left-hand side of Eq. (14) describes the low-frequency
(the input voltage frequency) contribution to the flux threading the SQUID
loop. The fourth term represents both the low-frequency and the high-
frequency components. The high frequency is in the range close to ωJ . It
follows from the analysis of Section 3 (see Eq. (9)) that,
M2(ωJ) ≈M
2
1
ω21
ω2J
<< M21 . (15)
Eq. (15) shows that the high-frequency contribution to the total flux arising
from strip-line-SQUID coupling can be neglected. In this case, Eq. (14)
reduces to
Φ + LJJ +∆Φ(t) =
Φ0
2pi
(
δ1 − δ2
)
, (16)
where ∆Φ(t) contains only the low-frequency Fourier-components:
∆Φ(ω′) =
M1Vi(ω
′)
Z(ω′)
−
C1M
2
1
Ci
iω′
Jω′
Z(ω′)
. (17)
The frequency, ω′, in Eq. (17) is in the vicinity of the input voltage frequency
ω (|ω′ − ω| << ω).
Following the arguments of Ref. [6], we assume that the low-frequency
components, J(ω) and V (ω), are generated by a small input voltage, Vi. By
this reason, we consider both of them to be small quantities also. Considering
a solution of the unperturbed SQUID equations to be known, we can express
the linear response to the “external” flux, ∆Φ, as
V (t) = VΦ∆Φ(t), J(t) = JΦ∆Φ(t), (18)
where VΦ ≡ ∂V/∂Φ and JΦ ≡ ∂J/∂Φ. In contrast to the main result of
the Reference [6], the derivatives in Eq. (18) should be those of the bare
SQUID circuit (with non-renormalized inductance, LJ). This means that
the high-frequency screening of the input circuit is negligible.
Using Eqs. (16)-(18), we can easily obtain the microstrip amplifier gain.
If we represent the output voltage as V (t) = V eiωt, then the gain is given by:
V
Vi
=
M1VΦ
Zω + JΦiωM21C1/Ci
. (19)
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The second term in the denominator of Eq. (19) describes the modification of
the low-frequency input impedance. This modification is due to the SQUID
back action. At the same time, the coefficients VΦ and JΦ are taken for a
bare SQUID. This corresponds to the physical picture in which the effective
coupling of both sub-systems through the mutual inductance occurs at the
signal frequency. The coupling becomes weak at high (Josephson) frequency.
5 Conclusion
Using the transmission line as a resonator of the input circuit does not result
in a renormalization of the SQUID parameters, if the Josephson frequency
is much greater than the frequency of the input signal. A similar effect
was analyzed in [6]. The authors have discussed the influence of parasitic
capacitances between the turns of the input coil or between the input coil
and the SQUID, on the amplifier dynamics. It was shown that there was no
current flow at the Josephson frequency in the input circuit in the presence
of large parasitic capacitances. In this case, the reduced SQUID parameters
are replaced with the bare SQUID parameters.
The presence or absence of the renormalization effect is of great impor-
tance for optimization of the input circuit parameters and achieving desirable
gains especially in the gigahertz frequency region. It is worth mentioning,
that the maximum SQUID amplification is restricted by the value of RJ/LJ
[14]. The renormalized inductance of the loop is smaller than the bare in-
ductance, LJ . This explains the tendency of gain decrease with the increase
of the signal frequency that was observed experimentally (see, for example,
Ref. [15]).
Summarizing, in the limit of very high Josephson frequencies, there is
no difference what kind of capacitance is in the input circuit. In both cases
(parasitic irregular capacitance or smoothly distributed capacitance of the
transmission line), a similar shunting effect causes the reflection of the SQUID
signal by the input circuit. This prevents a renormalization of the SQUID
parameters.
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